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Abstract 

One of the urgent problems in the study of applied hydrodynamics is the study of structural changes in turbulent accelerating 

plane-parallel pressure flow of viscous fluid. The investigation of structural alterations in turbulent accelerating plane-parallel 

pressure flow of viscous fluid is one of the most pressing issues in applied hydrodynamics research. It aims to identify 

regularities of hydrodynamic parameter changes in fluid channels of hydro-automation equipment in the case of unsteady 

flow of viscous fluid. When a viscous fluid flows unsteadily, the problem here is to find regularities in the hydrodynamic 

characteristics that vary in the fluid channels of hydro-automation equipment. This will allow for the correct design of 

individual components of hydraulic equipment, ensuring the precise and uninterrupted operation of the equipment. This will 

enable the accurate design of each hydraulic equipment component, guaranteeing the equipment's exact and continuous 

performance. The study of the plane-parallel unsteady accelerating flow of viscous fluid was carried out based on calculating 

the kinematic coefficient of turbulent viscosity. The kinematic coefficient of turbulent viscosity was calculated to examine 

the plane-parallel unstable accelerating flow of viscous fluid. Under conditions of axisymmetric change of the flow, a 

boundary problem was formulated, of which the boundary conditions were chosen in accordance with the pressure gradient 

and arbitrary distribution regularities of velocities in the section. The regularities of the dynamic viscosity coefficient change 

in turbulent flow were taken as a special condition. A boundary value problem is formulated under general initial and 

boundary conditions. A method for integrating the boundary value problem is developed, and regularities for changing 

instantaneous velocities over a cross-section are obtained. Analytical solutions were obtained, which allow for obtaining 

regularities of velocity change in the flow direction at any time. To get the regularities of velocity change in the flow direction 

at any moment, analytical solutions were produced. Based on the general solutions of the problem, solutions were obtained 

for accelerating flow under the influence of a constant pressure gradient on the fluid at rest. Solutions for accelerating flow 

when a continuous pressure gradient is applied to the fluid at rest were derived from the problem's general solutions. 

Computer-aided analyses have been used to plot graphs of the distribution of velocities in the section, average velocities, and 

the change in the coefficient of flow for different values of time. A graph of the change in energy loss over time under 

unsteady flow conditions has also been plotted. 
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1. Introduction 

Hydromechanical phenomena occurring in pressure systems are often accompanied by unsteady flow of the working 

medium, which causes changes in velocity, pressure, and density of the medium. 

Unsteady flow of the working medium frequently coexists with hydromechanical processes in pressure systems, 

resulting in variations in the medium's velocity, pressure, and density. When studying engineering problems, the one-

dimensional non-stationary flow model is considered a computational model, in which the hydrodynamic parameters of the 

flow are regarded as averaged values over the section. The one-dimensional non-stationary flow model is regarded as a 

computer model for engineering issues, where the hydrodynamic characteristics of the flow are taken into account as averaged 

values across the cross-sections. Deviations of the averaged values from the hydrodynamic parameters at a point are taken 

into account using the coefficients of kinetic energy and momentum. Therefore, one of the important issues of non-stationary 

flow is the question of how the flow of the particles of air is affected by the flow of the particles of air. Therefore, one of the 

important issues of non-stationary flow is the study of the patterns of change of the mentioned coefficients, for which it is 

necessary to perform structural studies of non-stationary flow. 

Often, to perform these studies, it is necessary to use complex mathematical models, and the results obtained are not 

suitable for practical applications. Therefore, in order to introduce certain simplifications into these calculations, we proceed 

from the quasi-stationary model of flow proposed by Popov [1]. In this case, the non-stationary flow is viewed as a sequence 

of stationary flows. At each instant of time, the average velocity of the current is equal to the average velocity of the apparently 

stationary flow, thus the non-stationary flow is viewed as a set of successive stationary flows. However, experimental and 

theoretical studies  Luoqin et al. [2]; Sun [3] and Luchini [4] show that in reality the instantaneous velocity distribution curves 

can differ significantly from the quadratic parabola law, due to which the energy loss cannot be determined only by the 

friction stress occurring at the stationary wall. Depending on the law of change of instantaneous velocity in the section, the 

friction stress occurring at the wall will also change. In order to obtain regularity, the change of friction stress occurring at 

the stationary wall in the case of non-stationary flow, it is necessary to study the pattern of velocity change in the effective 

cross-section. 

The pattern of velocity change in the effective cross-section must be examined in order to determine the change in 

friction stress that occurs at the stationary wall in the event of unsteady flow. 

 

2. Literature Review and Problem Statement  
The flow of viscous fluids in pressure systems is usually accompanied by an unsteady flow regime, in which, in the 

effective cross-section, the hydrodynamic parameters of the flow change with time. Depending on the flow regime, these 

dependencies are different, since the main characteristic factors of the flow are the tangential stresses arising between the 

fluid layers. Schlichting and Gersten [5], based on the viscosity law of Newton and taking into account tangential stresses, 

came to the idea that when the flow is laminar, the tangential stresses arise between the layers. Popov [1] and Emtsev [6] 

carried out studies under laminar non-stationary flow conditions, as a result of which regularities of changes in the 

hydrodynamic parameters of the flow and calculation formulas for energy losses have been obtained. However, Emtsev [6] 

arrived at the conclusion that plane-parallel laminar flow is one of the least common flows of this nature. Plane-parallel 

unsteady flows are mainly in the turbulent regime. Based on this circumstance, the study of plane-parallel non-stationary 

turbulent flow has important practical applications and theoretical interest. The turbulent regime is mostly where plane-

parallel unstable flows occur. This situation makes the study of plane-parallel non-stationary turbulent flow both theoretically 

and practically significant. Gromeka [7]  studied the regularities of changes in the hydrodynamic parameters of the flow 

under conditions of unsteady viscous fluid in a narrow cylindrical tube, and as a result, the patterns of changes in pressure 

and velocity were obtained. 

The friction stresses, according to  Prandtl [8] and Boussinesq [9], arising between flow layers during turbulent flow 

depend on the distance from the stationary wall.  Sarukhanyan et al. [10] prove that solutions obtained using a function 

introduced to account for turbulent stresses depending on the distance from a stationary wall in a turbulent flow provide 

insights into structural changes in the flow.  However, the accepted calculation formula for turbulent stresses provides 

accurate results in relatively narrow flow paths. Therefore, the obtained solutions are applicable only for narrow fluid-

carrying paths. Fundamental research on the distribution of turbulent stresses in wide fluid-carrying paths was carried out by 

Prandtl [8], who introduced the concept of a mixing path. 

https://creativecommons.org/licenses/by/4.0/
https://www.sciencedirect.com/topics/engineering/fluid-viscosity
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The patterns of changes in the hydrodynamic parameters of under turbulent flow of a viscous fluid in circular cross-

section pipes and in the case of plane-parallel flow have been studied by She et al. [11]. For this purpose, a variable function 

is introduced for the mixing path in the turbulent stress calculation formula, which ensures the symmetry of the flow. As a 

result, a universal formula was obtained, which includes both logarithmic and power distribution formulas for the turbulent 

stress distribution. Experimental studies conducted by Chen et al. [12]  prove the reliability of the research. Thanks to 

carefully conducted, high-precision x-probe experiments performed by Baidya et al. [13] was assessed the effect of the 

velocity component perpendicular to the wall on the magnitude of the turbulent viscosity coefficient was assessed. Luoqin et 

al. [2] present the main achievements in the research of the transition period and turbulence for the last thirty years. Despite 

the achieved results, further deepening of studies is required to identify the emerging turbulent tension. The state of the 

problem is analyzed by identifying the general analytical formula of the non-uniform distribution of the average velocity over 

the entire region of the turbulent flow for all Reynolds numbers within the framework of Prandtl's mixing length theory. 

Considering the Prandtl mixing length model, a closed-form solution for the average velocity profile of a plane turbulent 

flow is obtained by Sun [3]. In order to confirm the universal logarithmic law of the average velocity profile, which is the 

basis of turbulent fluid mechanics, experiments and numerical simulations were conducted by Luchini [4]. It is proven that 

the discrepancy may arise due to the geometric dimensions of the channel and the effect of the pressure gradient. When this 

effect is taken into account, the logarithmic law of the average speed profile is satisfactorily acceptable. Numerical modeling 

of turbulent flow after a sharp increase in flow rate was carried out. It has been proven that a turbulent flow with a low 

Reynolds number can undergo a transition process that resembles a laminar-turbulent transition. He and Seddighi [14] found 

that. The flow is initially laminar, but later in the transitional phase, localized turbulent spots are formed, which grow 

spatially, merge with each other, and eventually, the flow becomes completely turbulent.  

When moving a viscous liquid, as the speed of the flow increases, the process of transfer and turbulence occurs. Even 

for the well-studied case of flow in a pipe, it was not possible to determine at what Reynolds number the flow would be either 

permanently turbulent or eventually laminar. Thanks to carefully designed experiments and computer modeling, Avila et al. 

[15]  managed to identify the conditions for maintaining turbulence. In order to reduce the hydraulic resistance, Jozsa [16] 

developed a strategy for controlling the turbulent flow.  Incompressible liquid flow in a rectangular channel and round pipes 

caused by uniform and traveling wave oscillations of the wall is investigated. Obtained conditions for the reduction of 

turbulent friction. Numerical modeling of the accelerated flow was carried out by Kharghani and Pasandidehfard [17]. Two 

accelerations that affect the turbulent flow are considered. The obtained results illustrate that the applied accelerations can 

seriously dampen the oscillations. In the work of Chovniuk et al. [18], a general method of numerical solution of the problem 

of unsteady flow of viscous incompressible liquid in plane channels of arbitrary shape was developed. An effective solution 

to the task is achieved by using adaptive networks. The mathematical model of the flow is based on two-dimensional Navier-

Stokes equations and Poisson's equation for pressure, which are solved on the basis of the finite difference method. Numerical 

modeling of liquid flow in a plane curved elbow was carried out at Reynolds number Re = 1000. 

 

3. The Aim and Objectives of the Study 

The purpose of the research is to develop a method for calculating hydraulic losses in a plane channel in non-stationary 

developing turbulent plane-parallel pressure movements. 

To achieve this goal, the following tasks are solved։ 

• Formulate a boundary value problem to identify patterns of change in the hydrodynamic parameters of a developing 

turbulent plane-parallel pressure flow. 

• To develop a method for solving the boundary value problem by identifying regularities in the changes of 

hydrodynamic parameters during the development of turbulent plane-parallel pressure flow. 

• Build graphs of changes in axial velocities, coefficients of the amount of flow and kinetic energy, energy losses and 

shear stresses, depending on time and pressure gradient․ 

 

4. Materials and Methods  
4. 1. Choosing a Calculation Scheme 

The calculation of energy losses in turbulent non-stationary flow has important practical applications and theoretical 

interest. Research on the calculation of energy losses in plane-parallel non-stationary flow is based on the conclusion that 

energy losses are caused by friction stresses arising on the stationary wall of the channel. However, this conclusion, which 

corresponds to the quasi-stationary model of non-stationary flow, does not correspond to reality. In reality, during non-

stationary flow, energy losses occur not only from the change in the fluid velocity but also from the deformation of the 

velocity profile: 
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where ( ) dxtxuV  =

1

0

,  is the average velocity of the flow, 

( )

2

1

0

2 ,

V

dxtxu 

= is the Boussinesq's momentum factor. 

Therefore, to determine the energy losses during non-stationary flow, it is necessary, depending on the initial and boundary 

conditions of the problem, to identify the patterns of change in the hydrodynamic parameters in the effective cross-section, 

which determine the energy losses. 

As is known, in turbulent flow, friction stresses arise between the fluid layers, the magnitude of which depends on the 

position of the point in the flow. The farther the point is from the stationary wall, the greater the friction stresses. The tangential 

stresses arising between the fluid layers in turbulent flow depend on the distance from the stationary wall and the velocity 

gradient in the vertical direction of flow. 

As is known, in turbulent flow, friction stresses arise between the fluid layers, the magnitude of which depends on the 

position of the point in the flow. The farther the point is from the stationary wall, the greater the friction stresses. The 

tangential stresses arising between the fluid layers in turbulent flow depend on the distance from the stationary wall and the 

velocity gradient in the vertical direction of flow. According to Prandtl's conjecture, the tangential stresses arising in turbulent 

flow are determined by Schlichting and Gersten [5] and Prandtl [8]. 
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                                               (2) 

where   is the mixing path length                                y.=                                                            (3) 

where   is a relativity coefficient which is accepted as equal to 0.4. Prandtl [8]   y is the distance of the layer from the 

fixed wall.19 

The calculation formula (2) for the tangential stresses arising between fluid layers in a turbulent flow was obtained as a 

result of analyses of studies of stationary turbulent flows. The high-accuracy coincidences between the results obtained with 

this formula and experimental studies prove the correspondence of the proposed formula to the ongoing phenomena. 

Due to the lack of a calculation formula for the tangential stresses arising between the flow layers under turbulent 

unsteady flow, let us consider the same principle. We will see that the tangential stresses arising between the fluid layers 

during turbulent unsteady flow can be calculated using the same Equation 2.  

  

4.2. Statement of the Problem and Formulation of the System of Differential 

If we separate the elementary mass of the fluid from the non-stationary turbulent flow and formulate its differential 

equation of flow, we will have (Figure 1) 
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 the last equation will take the following form 
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Figure 1.  

Computational diagram for plane-parallel turbulent flow. 

 

In the case of axisymmetric and isothermal plane-parallel flow, the pressures at each point of the effective cross-section 

are the same and depend only on time, i.e. 
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Thus, the study of non-stationary accelerating turbulent plane-parallel flow is reduced to the integration of the equation 
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under the following boundary conditions: 
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Where is the average velocity of the effective cross-section 
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Eq.(7) with dimensionless variables will have the following  form 
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As for boundary conditions, (9) will have the following view 
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The solution of Eq.(11) according to Tikhonov and Samarskii [19] can be found in the form of a sum  

( ) ( ) ( )txUtxUtxU ,,, 21 += ,                                           (15) 

where  ( )txU ,1
 function is the solution of  the homogeneous equation  
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In case of inhomogeneous (12,13,14) boundary conditions and ( )txU ,2  function is the solution of the inhomogeneous 

equation in case of homogeneous boundary conditions 
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Let us look for the solution of the Equation 16 system in the following form՝ ( ) ( ) ( )txVtxU −= exp,1  

where  
h

2
 =  , we get  

( )
( )

( )0

2
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dx
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d
xV −








=  ,        tt  00                                       (18) 

To solve Eq.(18), we introduce  ( )xW  auxiliary function 
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After that Eq.(18) will have the following form 
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The general real solution of the system (20)  will be 

( ) xac
a

xW log2
1

1 += , where   ( )0exp ta −=  ,                                        (21) 

Having ( )xW  function from Eq.(19) ( )xV  is determined   

  2
3

1 log2
3

2
)( xaC

a
xV +=                                                    (22) 

where 
1C  is an arbitrary constant of which value is determine from boundary condition ( ) .00 =V Since the point  0=x  

is a unique point in the problem, assuming that ( ) 001.0 =V , we get: 

001.0log2 1 =+aC , from which 

                                                     61.42 1 =aC                                                                        (23)                                                                  

Let us look for ( )txU ,2
 function in the following form 

  ( ) ( ) ( )xVttxU =,2
                                                                    (24) 

Substituting the value of  ( )txU ,2
 function from Equation 24 in the Equation 17 system, we have 
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Taking into account Eq.(18), Eq.(25) will take the following form: 
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In order to determine the value of the ( )t  function, we integrate Equation 25 with respect to  x , taking into account that 

0=x  is a unique point for ( )xV , and  performing the integration for the interval [0.01;1], we have 
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Taking into account Eqs. (21 and 22), we have 
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By substituting the value of expression (27), Equation 26 will be reduced to the following form: 
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Taking into account the boundary conditions of the problem, we get: 409155,0
99.0

;41962,2 −=−=
b

b  Under these 

values of constant coefficients, Equation 27 will take the following form 
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The solution to Equation 28 will look like this ( ) ( )
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Having the value of the function ( )t , we obtain the function ( ) ( ) ( )xVttxU =,2 : 
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Substituting the values of ( ) ( )txUtxU ,;, 21
 functions into Eq.(15), we get 
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0 log61,4exp
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a
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−−−= 






                       (31) 

The obtained solutions allow to obtain the axial velocities at any point of the effective cross-section at any time. 

The average velocity of the section is determined from the velocity distribution, Equation 31 
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The value of the C0 constant is determined from the (13) initial condition, when ( ) ConstAx == 0 , we have 

The value of the C0 constant is determined from the initial condition (13) when ( ) ConstAx == 0  , we have 
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Integrating the last equation in the   1;01.0x  interval, we get 
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    ( )1, = AAzTanh  equation  in the interval − z has only one real root regardless the sign of A constant.   

Therefore, if we choose an arbitrary constant C0 so that the condition 10 −=


a
C  is satisfied, we will have 

  .761594..01 −=−Tanh . Substituting this value into Equation 35, we will obtain the values of 0B and 


a
: 

( )00 22.01907118.0 AB −= ;      
761594.0

0221 0Aa −
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                                                 (36) 

Substituting these values in Eq.(32), we have the solution of the problem 
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Tanh
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Based on the general solutions to the problem, let us consider the flow of a fluid at rest in the case of a constant change in 

the pressure gradient. Under these conditions, we have 00 =A , 822863.00 =B  

( ) ( )   ( ) 2
3

log61,41131.0313.11.0exp
3

2
xtTanhttU +−−−= .                            (38) 

With this velocity distribution formula, velocity change graphs were plotted using a computer  

analysis for different values of the pressure gradient. 

According to Equation 38, the average velocity of the effective cross-section will be 

𝑉 = {4.72509ⅇ−0.1𝑡 − 6.20423Tanh[1 − 0.131304𝑡]}                                   (39) 
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5. Research Results of Structural Changes in the Hydrodynamic Parameters of the Plane-Parallel 

Turbulent Accelerating Flow  
5. 1. Results of Computation of Structural Changes of the Turbulent Accelerating Flow.  

A regularity of variations in instantaneous axial velocities was derived from the results of integrating the boundary value 

problems (38). Both graphs of changes in velocities over time and graphs of changes in axial velocities over time at various 

positions of the effective cross-section were plotted using numerical computations. 

 

 
Figure 2.  

Graph of axial velocity change at different points of the effective cross-section. 

 

𝑡 → {0.5,0,1,3,7,10,15,20}, , {𝑥, 0.01,1}, 𝐴0 = 0, 𝐵0 = 822863 

 

 
Figure 2.  

Graph of axial velocity change over time. 

 

𝑥 → {0.01,0.1,0.3,0.5,0.7,0.9,1}, {𝑡, 0,30}    𝐴0 = 0, 𝐵0 = 822863 

 

 
Figure 3.  

Graph of average velocity change of effective cross-section over time. 
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The plotted graphs indicate that the stabilizing process takes place at → 20t  

Graphs illustrating the change in shear stresses over the effective cross-section were also plotted based on the results 

collected, and they clearly show how the shear stresses changed over time. 

 

 
Figure 4.  

Graph of change in shear stress over time {𝑥, 0.01,1}, 𝑡 → {0.5,0,1,3,7,10,15,20} 

 

Evaluating the formation of energy losses is the primary task of unsteady pressure flows. Given the significance of this 

problem, each c 

A component of formula (1) was computed using the regularities found, and a graph showing variations in energy losses 

was plotted (Figure 5). 

 

 
Figure 5. 

Graph of energy losses over time. 

 

The generated graph indicates that energy loss increases during the period of movement instability and then decreases 

after a certain amount of time. The graph then turns into a straight line, which represents flowless movement, once the process 

has stabilized. 

 

6. Discussion of the Results of Studies on the Structural Change of Hydrodynamic Parameters of the 

Developing Turbulent Plane-Parallel Pressure Flow 
Optimizing the operation of mechanical equipment is the primary goal of structural improvement; this should guarantee 

effective operation with low energy consumption. To achieve these goals, it is necessary to conduct studies of the 

hydromechanical phenomena occurring in them, the results of which will accurately describe the phenomena occurring in 

reality. Theoretical interest and practical applications motivate research into the phenomena of transient flow of viscous 

fluids. Studies on the laminar non-stationary flows of viscous fluids have been carried out in this direction. Because viscous 

forces in laminar flow are proportional to the first power of the velocity gradient, the differential equations of flow take on 

simpler forms, which explains this. 

One characteristic property of a viscous fluid's turbulent non-stationary flow is that it is uncertain how the tangential 

stresses that form between fluid layers relate to the velocity change. 

According to research in this area, there isn't a single, comprehensive strategy for dealing with this problem. 
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In order to account for the tangential stresses that arise between fluid layers, the findings of research carried out in the 

case of stationary turbulent flow were used as the foundation for analyzing non-stationary turbulent flow. 

It is assumed that the results of the research conducted under these conditions of acceptance will characterize the 

phenomena occurring in reality with high accuracy. The calculation of tangential stresses was based on the formula proposed 

by Prandtl, on the basis of which a boundary value problem was formulated. As a result of integrating the proposed boundary 

problem, the patterns of change in axial velocities, tangential stresses, and average velocity depending on time were obtained. 

The following regularities of change in axial velocities, tangential stresses, and average velocity with time were found 

by integrating the suggested boundary problem: 

Further advancement of this study is associated with the refinement of the calculated dependence of turbulent shear stress 

on coordinates. However, when refining the calculated dependence, it is necessary to proceed from the assumption of the 

possibility of integrating the formulated  

Refinement of the computed dependency of the turbulent tangential stress on coordinates is linked to further 

advancement of this study. However, it is required to start with the assumption that the defined boundary value issue can be 

integrated and that regularities of structural changes of hydrodynamic parameters can be obtained before describing the 

calculation dependency. 

The analytical solutions obtained as a result of integrating the boundary value problem make it possible to perform 

computer-based experimental studies and obtain a graph of the change in energy loss. 

Graphs plotted by computer-aided calculation according to Equations 38 and 39 demonstrate the development of 

processes of plane-parallel pressure turbulent flow. Analysis of numerical computation results and obtained graphs (Figures 

2 to 5) showed that the degree of development of the process depends on time and the coordinate of the point of the effective 

cross-section. The shape of the speed distribution diagram is stable at each fixed section. It changes over time (Figures 2 to 

5) due to the deformation of speed distribution charts. Outside the unsteady section, the speed distribution diagrams remain 

unchanged. The study of the development of the accelerating plane-parallel compressive flow of a viscous liquid was carried 

out using the Boussinesq and Prandtl hypothesis on the distribution of turbulent tangential stresses. 

The integration findings will be approximations as the suggested solution is predicated on the theory of the mechanism 

of turbulent shear stresses in stationary turbulent flows. Nonetheless, engineering computations yield findings with a high 

enough degree of precision. 

Further development pertains to the improvement of the turbulent tangential stress formula during non-stationary plane-

parallel pressure fluctuations, depending on the problem's importance. The process stabilization time, which in this case is 

20 seconds, was ascertained by the examination of the numerical computation results and the resulting graphs. 

 

7. Conclusions  
1. To investigate the patterns of change in the hydrodynamic parameters of a viscous fluid under conditions of non-

stationary plane-parallel turbulent flow, a boundary value problem has been defined, which is based on the change in the 

dynamic coefficient of viscosity of a fluid proposed by Boussinesq [9]. It is assumed that this change depends on the square 

of the product of the distance from the stationary wall and the axial velocity gradient. 

2. A method for solving the boundary problem has been developed, which resulted in analytical solutions for the 

regularities of velocity changes in unsteady flow. Graphs representing regularities of change in average cross-section 

velocities, tangential stresses, and energy losses have been plotted, which allow conclusions and generalizations to be drawn. 

The resulting graphs make it possible to track the process of changing the hydrodynamic parameters of the flow and assess 

the quantitative and qualitative effects of the geometric parameters of the problem on them. 
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