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Abstract

The numerical solution of ordinary differential equations (ODESs) using the Newton-Raphson approach is investigated in this
work. The aim is to evaluate, in solving first- and second-order ODEs, the accuracy, convergence, and limits of this approach.
This Python-based approach uses Autograd for automatic differentiation and NumPy for effective array operations. Several
case studies are analyzed, including various ODE challenges. The efficiency of the approach is assessed by comparing
numerical findings with analytical solutions. In many situations, the Newton-Raphson method effectively and highly
precisely approximates solutions for different ODEs. Some examples, however, show differences between numerical and
analytical answers, suggesting possible problems with error accumulation or inherent constraints of the approach. Problem
difficulty, step size, and initial guesses all affect convergence. Although the Newton-Raphson approach solves ODEs
numerically quite well, it must be carefully validated against analytical solutions. The performance of the procedure depends
on elements particular to the problem that must be taken into account in application. The need for choosing suitable numerical
methods for solving ODEs in scientific and technical domains is underlined by this work. The results guide future research
and useful implementations by offering an understanding of the strengths and constraints of Newton-Raphson-based solvers.
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1. Introduction

Applications ranging in numerous fields, including engineering, physics, economics, and biological sciences, the
numerical solution of ordinary differential equations (ODESs) is a basic component of scientific computing [1]. Many
constructed systems are driven by differential equations from modelling population dynamics to predicting the heat transfer
and simulating control systems [2]. Although ideal, analytical solutions are usually challenging for complex, nonlinear, or
high-dimensional ODEs; consequently, numerical techniques [3] are usually required.

Among the traditional methods for solving ODEs are the Euler method, Runge-Kutta techniques, and implicit
approaches, including the backward differentiation formula (BDF). These methods can, however, have slow convergence,
unstable behavior, or inefficient handling of stiff equations [4]. Most especially in cases requiring fast convergence and high
precision, Newton-Raphson is a well-known iterative method for solving nonlinear equations and provides an alternative
approach for solving ODEs [2]. Reformulating ODEs as nonlinear systems offers a powerful framework for numerical
approximation by means of the Newton-Raphson technique, especially when coupled with modern computing tools like
Python [5, 6]. Development of computer techniques [7] has greatly enhanced numerical method implementation and
efficiency. The availability of high-performance computing tools as NumPy [8, 9] for efficient array computations and
autograd [10] for automatic differentiation, has enlarged the capability of solving differential equations. This work,
implemented in Python to ensure computational performance and simplicity of usage, analyzes the Newton-Raphson method
as a strong numerical strategy for ODEs employing these tools.

Many researchers have investigated numerical methods for ODE solution. The simplicity and dependability of classical
techniques such as Euler's method and the Runge-Kutta family make them quite popular. With a thorough study of Runge-
Kutta techniques, Butcher [11] demonstrated their success for both initial and boundary value problems. Dahlquist [12] has
investigated the stability of explicit and implicit numerical approaches, thereby providing fundamental guidelines for the
choice of method in stiff situations. Although less often discussed in standard numerical techniques literature, the application
of Newton-Raphson to ODEs has attracted attention in particular settings. Its application for solving nonlinear dynamical
systems [13] and boundary value issues [14] has been explored by several studies. Many current researchers, meanwhile,
lack a methodical comparison of Newton-Raphson's effectiveness with conventional approaches in addressing first and
second-order ODEs.

Lack of studies combining contemporary computing methods, including automatic differentiation and array-based
optimizations in Newton-Raphson-based ODE solvers, is one of the main gaps in the field. Most research concentrates on
traditional solutions without using recent developments in Python-based scientific computing; hence, improving accuracy
and performance.

Though much study has been done on numerical techniques for ODEs, the Newton-Raphson approach is still underused
for solving these equations. Although it is usually used for nonlinear algebraic equations, its potential for ODE solving has
not been completely investigated. Differential equations encountered in modern engineering and physics problems are
becoming more complex; thus, it is necessary to evaluate whether Newton-Raphson, together with automatic differentiation
and optimal computational frameworks, can offer a reasonable substitute for conventional numerical solvers.
The primary objectives of this research are:

o To formulate an approach for solving ordinary differential equations (ODES) using the Newton-Raphson method.

e To implement this approach in Python using NumPy and autograd for efficient computation.

e To evaluate the accuracy and convergence of the Newton-Raphson method by comparing its results with analytical

solutions.

e To apply the method to various case studies involving first- and second-order ODEs.

e To analyze potential limitations, such as error accumulation and computational efficiency, in order to assess the

practical applicability of the method.

This study employs the Newton-Raphson method as a numerical solver for ordinary differential equations (ODEs),
implemented in Python. The key methodological steps include:

Reformulating ODEs as nonlinear algebraic equations suitable for Newton-Raphson iteration.

Implementing automatic differentiation using autograd to compute Jacobians efficiently.

Utilizing NumPYy for optimized array operations to enhance computational performance.

Validating the method's accuracy through comparison with analytical solutions.

Conducting case studies to demonstrate the effectiveness of the approach in solving first- and second-order ODEs.

Emphasizing Python-based computational methods that provide benefits in automation, repeatability, and simplicity of
integration with contemporary scientific computer systems included in this paper. Several important advances in the
discipline of numerical techniques and scientific computing result from this work. Although the Newton-Raphson method is
usually applied for solving algebraic equations, this work methodically investigates its application to ordinary differential
equations (ODESs), hence extending its range in numerical analysis. Leveraging Python's autograd and NumPYy libraries, the
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implementation highlights the benefits of automatic differentiation and effective matrix operations in ODE solution. By
means of a comparative examination with conventional solvers, the benefits and shortcomings of the Newton-Raphson
method are highlighted, therefore providing an understanding of possible applications. The work also uses the approach to
practical issues, proving its viability and efficiency in managing several forms of ODEs. Moreover, the results expose
difficulties including computational restrictions and error accumulation, which opens the path for future studies aiming at
optimizing the Newton-Raphson approach for ODE solutions.

The work is organized to give a thorough grasp of the Newton-Raphson method's applicability for ODEs (ordinary
differential equations). A theoretical foundation on the Newton-Raphson method with its derivation and iterative formulation
is given in Section 2. Section 3 investigates the reformulation of ODEs as nonlinear systems, therefore enabling Newton-
Raphson to solve them. Section 4 describes the Python implementation with particular reference to important computational
methods and algorithmic optimizations applied for ODE modeling. Section 5 presents several case studies illustrating the
accuracy and performance of the technique in ODE solvers. Section 6 examines the outcomes, contrasting the Newton-
Raphson methodology with more traditional techniques and pointing out their respective advantages and drawbacks. Section
7 finally compiles the results, addresses their ramifications, and offers possible future routes for study in this field.

2. Newton-Raphson Method
The Newton-Raphson method is an iterative numerical approach for nonlinear function roots. The approach follows the

update formula [15, 16] using a function f(y) where one searches a solution to f(y) = 0. [15, 16]:

fm)
Yn+1 = In _f’(J;/n) 1)

where f'(y,,) represents the derivative of f(y) with respect to y. This method is known for its quadratic convergence when
an initial estimate is close to the actual root.

3. Applying Newton-Raphson to Differential Equations
For solving ODEs, first the discretization of the problem has to be done using finite differences. Given an ODE:

2 = g(xy) 0)
and a grid of discrete points x;, the derivative can be approximated using Taylor series as:
PO = g,y (3)
which can be rewritten as a residual function:
F(y) = %— g(x;,y) =0 (4)
The Newton-Raphson iteration then solves this system by linearizing F (y). The Jacobian matrix is computed as Pho [17]:
Jij = 0F;/0y; (%)
and the update step involves solving the linear system as shown below:
JAy = —F(y) (6)
The solution is iteratively refined until convergence is achieved.

Algorithm
The Newton-Raphson method for ODEs follows these steps:
i Discretize the domain: Divide the problem domain into discrete points.
ii. Provide an initial guess: A reasonable initial solution is chosen.
iii. Compute the residual function F(y): Evaluate the difference between the discretized equation and the exact
equation.
iv. Compute the Jacobian matrix J: Determine the derivative of F(y) with respect to y.
V. Solve for Ay: Compute Ay by solving JAy = —F(y).
Vi. Update the solution: Update y as y,, = y, + 4y.
vii. Check convergence: If || Ay || is below a tolerance threshold, the iteration stops.

4. Methodology Adopted in Python for Modelling the ODE Using Newton-Raphson
The implementation follows a structured numerical approach to solve an ordinary differential equation (ODE) using the
Newton-Raphson method. Below is the methodology:
i. Importing Required Libraries
e The program utilizes automatic differentiation (autograd [10]) for computing derivatives.
e Numerical operations and array manipulations are handled using a scientific computing library i.e. NumPy
[8].
e Anplotting library is used for visualizing the results i.e. matplotlib.pylab [18].
ii. Defining the Residual Function
e The differential equation is discretized using finite differences. Backward difference is used if the ODE is
first order, and central difference is used for second-order ODEs. This choice is up to the user. The formulas
for forward difference and central difference formulations of first and second-order derivatives are as

follows:
4y _ Yi~Vi-1 d’y — Yit1-YVitYi-1 (5)
dx Ax ' dx? Ax?
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e The function computes the residual error between the numerical derivative and the given equation.
e Astructured update approach ensures consistency across the domain.
iii. Computing the Jacobian Matrix
e The Jacobian matrix is automatically generated using a differentiation library i.e. using jacobian() function
[19].
e It represents the sensitivity of the residual function with respect to the solution variables.
e This is essential for applying Newton’s method efficiently.
iv. Setting Up the Computational Grid
e The solution domain is discretized into a set number of points.
e Initial values are chosen for the unknown function across these points.
e A copy of the initial guess is stored for iterative refinement.
V. Iterative Newton-Raphson Solver
e  Aloop executes a maximum number of iterations to refine the solution.
At each step, the residual function is evaluated to measure the deviation from the expected solution.
The Jacobian matrix is computed to solve for the correction term.
The correction is applied to update the function values at interior points.
Convergence is checked using a threshold on the update magnitude, terminating the process if the solution
stabilizes.
vi. Visualization of Results
e  The computed numerical solution is plotted against the domain.
e The exact analytical solution is also plotted for comparison.
e  The graph provides insight into the accuracy of the numerical method.
This methodology ensures an efficient and structured approach to solving ordinary differential equations (ODESs) humerically
using the Newton-Raphson method.

5. Case Studies and their solution in Python
The Newton-Raphson method has been applied to solve the following different types of ODEs:

1. Case-1 (First-Order ODE): The equation % = i , subject to y(1) = 0. This equation has an analytical solution of
y = In (x).

2. Case-2 (Second-Order ODE): Z% = e* subject y(0) = —1 and y(5) = e°. This equation has an analytical solution
of y = e*.

3. Case- 3 (Second-Order ODE): 327’2’— 4%+ 3y = 0 subject y(0) =1 and y(2) = —54.9. The solution to the

xX+2 3x

—-e

e2-1

4. Case-4 (First order ODE): The equation is Z_Z —2xy +y? =5 — x? subject to y(0) = —2 and y(5) = 3. The
solution to the equationisy = 2 — x.

In all the cases, the primary variation will be of the function of equations (Fn()) and the terms one needs to take for the
jacobian. If it’s a second order, then only inner values of the Jacobian will be taken (in index form it's J[:, 1:-1]) as the
domain will be solved for inner nodes. And for the first order ODE, all the columns except the first will be considered
(J[:,1:]). Apart from this, for the second-order ODE, two boundary conditions will be used. Whereas for the first order, only
the starting value will be given. Also, in making functions, no loop has been used; slicing of the array has been done. This
has made the code more readable and efficient. Slicing utilizes NumPy's optimized internal routines, which are generally
faster than explicit loops in Python. Apart from this, the native NumPy has not been used as autograd (the module which
is used to evaluate Jacobian) does not work with it. So, the NumPy construct of the atutograd has been used in this article.

. - e
equation is y =

from autograd import *
from autograd.numpy import *
from pylab import *

def Fn(x,vy,n):
Ax = (x[-1]1-x[0])/(n-1)
return (y[1l:] - y[:-1]) / Ax - 1/(x[1:])

J = jacobian(lambda y: Fn(x, y, n))

n = 50
dom = (1,10)
x = linspace (dom[0],dom([1],n)

yg = linspace (0,-50,n)
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yn = yg.copy()
N max = 30

for in range (N _max) :
Fy = Fn(x,yg,n)

Jy = J(y9)

Ay = linalg.solve (Jy[:,1:],-Fy)
yn[l:] = ygl[l:] + Ay
if linalg.norm(Ay)<0.0001:
print (f"converged in { +1} iterations")
break
else:
yg = yn
plot (x,yn, label="'Newton-Raphson')
yex = log(x)
plot(x,vyex, 'ko',label="Analytical')
xlabel ('x")
ylabel ('y")
legend()

Case 1.
The program for the first case will be as follows.

The program output is shown in Figure 1. The numerical solution obtained using the Newton-Raphson method closely
follows the analytical solution, y = In (x). The plot demonstrates a smooth logarithmic curve, confirming that the method
effectively approximates the solution over the given domain. Minor deviations may appear due to discretization errors, but
overall, the method converges efficiently. This case illustrates the robustness of Newton-Raphson when applied to simple

first-order ODEs.

—— Newton-Raphson I..-'
® Analytical
2.0
1.5
=
1.0
0.5 1
0.0 A
T T T T T
2 4 6 8 10
X
Figure 1.

Comparison of Newton-Raphson and Analytical Solution for Case-1.
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from autograd import *
from autograd.numpy import *
from pylab import *

def Fn(x,y,n):
Ax = (x[-1]1-x[0])/ (n-1)
return (y[2:] - 2*y[l:-1]+4y[:-2]) / Ax**2 - exp(x[1l:-1])

J = jacobian(lambda y: Fn(x, y, n))

n = 50
dom = (0,5)
ran = (-1,exp(5))
x = linspace(dom([0],dom[1],n)
yg = linspace(ran[0],ran[1l],n)
yn = yg.copy ()
N max = 30
for in range (N max):
Fy = Fn(x,yg,n)

Jy = J(y9)

Ay = linalg.solve(Jy[:,1:-1],-Fy)
yn[l:-1] = yg[l:-1] + Ay
if linalg.norm(Ay)<0.0001:
print (f"converged in { +1} iterations")
break
else:
yg = yn
plot (x,vyn)
plot(x,vyn,label="Newton-Raphson')
yex = exp (x)
plot (x,yex, 'ko',label="Analytical')
xlabel ("x")
ylabel ('y")
legend()

Case 2.
The program for the second case is as follows.

Figures 2 shows the program output. The projected exponential development behavior of the numerical results fits the
analytical answer rather nicely. Reflecting the character of the exponential function, the figure shows a rising trend. The
Newton-Raphson method proves useful for higher-order systems by effectively managing this second-order ODE. Step-size
selection and numerical precision allow one to explain any slight variations between the numerical and analytical solutions.
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Figure 2.
Comparison of Newton-Raphson and Analytical Solution for Case-2.

from autograd import *
from autograd.numpy import *
from pylab import *

def Fn(x,y,n):

Ax = (x[-1]-x[0])/(n-1)
ypp = (y[2:] - 2*y[l:-1]+y[:-2]) / Ax**2
yp = (y[2:]1-y[:-2])/Ax

return ypp-4*yp+3*y[l:-1]

J = jacobian(lambda y: Fn(x, y, n))

n = 50

dom = (0,2)

ran = (1,-54)

x = linspace (dom[0],dom[1],n)
yg = linspace(ran[0],ran[1l],n)
yn = yg.copy ()

N max = 30

for in range (N max):
Fy = Fn(x,yg,n)

Jy = J(y9)

Ay = linalg.solve(Jy[:,1:-1],-Fy)

yn[l:-1] = yg[l:-1] + Ay

if linalg.norm(Ay)<0.0001:
print (f"converged in { +1} iterations")
break

else:

Yyg = yn

plot (x,yn, label="Newton-Raphson')
yex = (exp(x+2)-exp(3*x))/ (exp(2)-1)
plot(x,vyex, 'ko',label="Analytical"')
xlabel ("x")

ylabel ('y")

legend()

Case 3.
The program for the third case is as follows.
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The program output is shown in Figure 3. Characteristics of differential equations with exponential components display
an oscillatory decay. The successful capture of the behavior of the system by the Newton-Raphson approach yields a
numerical approximation closely following the analytical answer. Nonetheless, the nature of the equation makes error
accumulation obvious in some areas, especially in regions where the function varies quickly. For such second-order ODEs,
the approach still works well, though.

—50 7 —— Newton-Raphson
® Analytical

Figure 3.
Comparison of Newton-Raphson and Analytical Solution for Case-3.

from autograd import *
from autograd.numpy import *
from pylab import *

def Fn(Xran):
Ax = (x[-1]-x[0])/(n-1)
return (y[l:] - y[:-1]) / Ax — 2*x[1:]*y[1l:]+y[Ll:]**2-5+x[1:]**2

J = jacobian(lambda y: Fn(x, y, n))

n = 50
dom = (0,5)
x = linspace (dom[0],dom[1],n)

yg = linspace(-2,6,n)

yn = yg.copy ()

N max = 30

for __in range (N _max) :
Fy = Fn(x,yg,n)

Jy = J(y9)

Ay = linalg.solve(Jyl[:,1:],-Fy)

yn[l:] = yg[l:] + Ay

if linalg.norm(Ay)<0.0001:
print (f"converged in { +1} iterations")
break

else:

yg = yn
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plot (x,yn, label="'Newton-Raphson"')
yex = x-2

plot (x,yex, 'ko',label="Analytical')
xlabel ('x")

ylabel ('y")

legend()

Case 4.
The program for the fourth case is as follows.

The program output is shown in Figure 4. Consistent with the mathematical answer y=2-x, the plot for this situation
verifies a linear trend. Rapid convergence of the Newton-Raphson method shows its effectiveness in solving nonlinear ODEs.
With very little inaccuracy, the findings show a constant numerical solution over the specified range. This example
emphasizes how precisely the approach can manage more difficult first-order equations.

3 1 —— Newton-Raphson
® Analytical

Figure 4.
Comparison of Newton-Raphson and Analytical Solution for Case-4.

6. Discussion

An interesting substitute for conventional numerical solvers is the Newton-Raphson method applied to solve ODEs. By
means of this work, a methodical investigation has been conducted to explore, in first and second-order ODEs, the feasibility,
accuracy, and computational efficiency of the Newton-Raphson method. Although the Newton-Raphson method can
effectively approximate solutions, numerous important criteria affect its performance, including the formulation of the
problem, initial estimate selection, and numerical stability. As the results show. One of the most significant outcomes of this
study is that the Newton-Raphson method exhibits quick convergence in solving ODEs in cases when the first guess is well-
selected. Unlike iterative methods such as Euler's or Runge-Kutta, which rely on stepwise propagation, the Newton-Raphson
method immediately seeks the roots of the changed nonlinear system. Faster convergence in the context of well-conditioned
systems results from this as well. However, reliance on a proper initial assumption can cause problems, particularly for stiff
ODEs or complex boundary conditions. Strong starting conditions are therefore very important since small changes in the
starting conditions can lead to divergence or convergence to erroneous solutions.

Combining Python's NumPy and autograd packages improves the Newton-Raphson method's computational efficiency.
By enabling automatic differentiation, autograd helps to reduce the demand for computationally expensive and error-prone
manual derivative computations. Meanwhile, effective handling of large-scale problems is made possible by the optimized
matrix operations of NumPy. Newton-Raphson is a good option for some ODE problems, especially those requiring high
accuracy and fast iteration, because of this computational benefit.
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Comparative examination of Newton-Raphson with analytical solutions was fundamental for this work. First- and
second-order ODE results showed that although Newton-Raphson approximates the exact solutions, variations were found
in several circumstances. For instance, when the function shows faster changes or higher-order nonlinearities, error
accumulation became more obvious. This suggests that, although being helpful, Newton-Raphson is not generally superior
to conventional solvers. Its relevance must thus be assessed based on the specific type of issue. The work also underlines
Newton-Raphson's probable constraints in managing ODEs with fast transitions or discontinuities. Conventional methods
such as Runge-Kutta handle such circumstances more precisely because of their stepwise character and capacity to offer local
error management at every iteration. Comparatively, the global Newton-Raphson approach can struggle in such conditions
and cause numerical instability. Future research could look at hybrid approaches combining Newton-Raphson's efficiency
with the stability of typical stepwise methods in order to raise overall performance.

Another significant result of the investigation is the function of numerical precision and error accumulation. Newton-
Raphson is basically an iterative process; hence, rounding errors can compound over numerous rounds, particularly when
high-order derivatives are involved. Dealing with second-order ODEs, where numerical differentiation could introduce
additional mistakes, this problem becomes more obvious. Reducing error propagation while preserving computing efficiency
requires either preconditioning or adaptive step-sizing techniques in handling this. Practically speaking, the research reveals
that Newton-Raphson can be quite effectively applied to scientific and technical problems. The method supports further use
as an additional numerical solver since it has demonstrated efficiency in solving numerous first and second-order ODEs. Its
limitations, however, should be carefully considered regarding the issue structure before use. When paired with appropriate
precautions against divergence and numerical instability, Newton-Raphson can be a helpful instrument for engineering
applications where stability and precision are paramount.

By highlighting Newton-Raphson's strengths and shortcomings in this area, this work adds to the mounting corpus of
studies on alternative numerical techniques for ODEs. Although it is not a general substitute for conventional solvers, its
speed and efficiency in some situations make it an interesting choice for particular uses. More study should concentrate on
improving the robustness of the technique, especially in managing stiff equations and ensuring stability in very nonlinear
systems.

7. Conclusion

This paper studied the feasibility of numerically solving first and second-order ODEs using Python's autograd and
NumPy modules. Under some circumstances, Newton-Raphson is shown to effectively and highly precisely estimate ODE
solutions. Fast convergence is its key benefit, particularly in well-conditioned scenarios when a good initial guess is
reachable. The work does, however, also draw attention to some restrictions including numerical stability problems,
sensitivity to starting conditions, and error accumulation. Comparisons with analytical solutions reveal that in scenarios
involving stiff or very nonlinear equations, conventional solvers like Runge-Kutta may still be better even if Newton-Raphson
performs well in many circumstances. Emphasizing the need for suitable issue structure and initialization, the method presents
advantages and challenges depending on reformulating ODESs as nonlinear systems.

All things considered, the results imply that the Newton-Raphson method can be a useful numerical instrument for
ordinary differential equations (ODESs), especially in applications requiring fast convergence and computational efficiency.
However, it should be used in conjunction with other numerical techniques to mitigate its limitations. Future work should
explore hybrid approaches that integrate the Newton-Raphson method with traditional solvers, adaptive step-sizing
techniques, and further optimizations to enhance stability and applicability to a broader range of differential equations.
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