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Abstract 

In recent years, the utilization of 3D modeling for various robotic systems has gained significant traction, serving educational, 

research, and diverse applications. Presently, there are a multitude of 3D modeling tools tailored to different facets of robotic 

research, each possessing distinct advantages and limitations. This paper presents the development of novel algorithms and 

software aimed at constructing 3D representations of robotic arms that have enabled the visualization of the manipulator and 

its links’ motion. These algorithms allow for the depiction of forward kinematic outcomes through spatial 3D graphs. 

Consequently, these graphical representations provide a tangible means to observe the changes in module components and 

parameter orientations as the manipulator assumes different spatial configurations. Within the Maple environment, a 

comprehensive 3D model of robotic arms was constructed, and the forward kinematic problem was solved for a manipulator 

that had five degrees of freedom (DoF). This endeavor was achieved by implementing the Denavit-Hartenberg method to 

elucidate kinematic characteristics and the Newton-Euler method to ascertain the velocity and acceleration of the robot 

manipulator’s links. The newly created algorithms and software are expected to be widely used in 3D modeling of robotic 

manipulators as scientific research in industries and other complex mechanical systems. 
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1. Introduction 

Robotic manipulators are becoming increasingly prevalent in industry, with the primary aim of enhancing human 

comfort, improving working conditions, and increasing productivity [1]. A robot manipulator is a mechanism that has one 

end connected to a base while the other end is free and equipped with a tool, enabling movement and orientation of objects 

within the manipulator's service areas in three-dimensional space. These manipulators, which are based on spatial 

mechanisms with multiple degrees of freedom (DoF), perform tasks in environments that are inaccessible or hazardous to 

humans and provide auxiliary functions in industrial production [2]. In a more specific context, a manipulator is often referred 

to as a mechanical or robotic arm [3]. 

Computer 3D modeling of robot manipulator motion represents a promising avenue in the investigation of spatial 

mechanisms. Applications of 3D modeling for robot manipulators span from prototyping and testing new designs to creating 

simulations for training and developing control algorithms for robotic motion. This tool is crucial for engineers and designers 

working in robotics, as it enables the development of more sophisticated and functional robotic systems across various 

industries, including manufacturing, healthcare, and education. 

The innovation in 3D modeling of robotic arm movement lies in its capacity to generate accurate and realistic simulations 

of a robotic arm in motion. This technology allows engineers and designers to test and refine their robotic arm designs within 

a virtual environment before constructing a physical prototype, resulting in time and cost savings as well as improved safety 

and reliability of the final product. Historically, the development of robotic systems necessitated the creation of physical 

prototypes and their subsequent testing in laboratories or factories. This approach was not only expensive and time-

consuming but also frequently resulted in design flaws and safety issues that could have been averted through more 

comprehensive testing. 

It should be noted that this paper, along with developing an algorithm and program for building a 3D model of 

manipulator movement, also considers solving forward positional kinematics. An essential aspect of moving manipulator 

kinematics is the illustration of the obtained results in the form of 3D graphs, enabling visual observation of the results when 

studying kinematics, dynamics, power aspects, and manipulator control aspects, as well as planning the trajectory of the 

manipulator's end effector. 

In most cases, 3D modeling of spatial manipulator movement and kinematics is performed in various software 

environments, which is considered less efficient and more time-consuming [4]. Typically, 3D models of mechanisms are 

created (in most cases, non-moving models) in CAD (Computer-aided design) programs and then imported into mathematical 

program environments for kinematic or dynamic analysis, with results obtained in the form of planar graphs. 

Modern scientific literature focuses on the optimal modeling of spatial manipulators. As noted earlier, computer 3D 

modeling and solving forward positional kinematics of manipulators have been discussed by scientists and have received 

some solutions. Sánchez et al. [5] implemented Denavit-Hartenberg (D-H) methods to tackle the forward kinematics of a 

robotic manipulator with five DoF in a MATLAB software environment. The results of that analysis were represented in 

numeric values, and the manipulator's simulation was created using the ModelSim 6.3 tool, but without any movement of the 

manipulator. Yuan et al. [6] developed an algorithm that minimized the maximum step size of joint motions for optimal 

kinematics planning of a seven-DoF robot arm, with a force feedback control algorithm being added in their subsequent work. 

Ikeda et al. [7] modeled the kinematics and dynamics of a manipulator in constrained motion, using a planar two-DoF 

manipulator as an example, and compared the computational and experimental outcomes. Sherstnev et al. [8] solved the 

forward kinematical position problem using the D-H method and calculated the orientation and position of the tool connected 

to the manipulator's end effector; however, the results were not demonstrated in the form of numbers or graphs. Cui et al. [9] 

also utilized D-H parameters to conduct forward and inverse kinematic analysis of a 3D-modeled agricultural fruit-harvesting 

robot manipulator with four DoF, illustrating the results in linear charts and demonstrating the trajectory of the manipulator's 

end effector as planar graphs. The spatial model of this manipulator was created in the Adams environment. Haug [10] 

performed a kinematic analysis of a manipulator with four DoF and obtained results only in numeric form using linear algebra 

and calculation methods. Ge [11] proposed conducting this type of analysis using the Newton-Raphson method for a 

manipulator with seven DoF in a MATLAB environment, simulating the model using the MATLAB robotics toolbox, and 

demonstrating the solutions as linear graphs. 

A forward kinematic analysis of Puma 560 (six DoF), ABB ARB 140 (six DoF), and Kuka LBR IIWA14 R820 (seven 

DoF) manipulators was presented by Singh and Banga [12], applying D-H parameters in a MATLAB program. In addition, 

they solved inverse kinematics, simulated these manipulators in the robotics toolbox, and illustrated the obtained outcomes 

as graphs of trajectory planning, velocity, and acceleration of the optimized trajectory of such manipulators. Chen, et al. [13] 

carried out forward and inverse kinematics IP of a SCARA (Selective Compliance Articulated Robot Arm) robot manipulator 

using D-H methods, demonstrating the solutions in numeric form, and creating an experimental system to evaluate the 

performance of the designed forward and inverse kinematics IP for the SCARA robot manipulator. Regassa and Zhao [14] 

solved the forward kinematics of a robotic manipulator with six DoF using D-H parameters, created a manipulator 3D model 

in the SolidWorks environment, and then transferred that model to the Virtual Universe Pro (Irai) platform to control 

manipulation. Winston and Jamali [15] developed a new algorithm for a two-m-link hyper-redundant axis robotic manipulator 

in 3D. The outcomes of inverse kinematics were numerically and graphically presented, validated by comparing the results 

of this study to previous research, and simulated in the Maple program. A novel method of constructing a 3D model of 

manipulators was represented by Tingzho et al. [16] that implemented a UR5 manipulator with six DoF. The method was 

carried out by the MATLAB software, modeling software from SolidWorks, Robotics Toolbox, MATLAB GUI interaction 

design, 3D animation, and the displayed technology of MATLAB. The animation of the manipulators was illustrated in the 

form of 3D graphs.  
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In summary, most previous scientific works describe solutions for forward and inverse kinematic analysis of various 

manipulators with different degrees of freedom (from three to seven) by applying several methods, with more than half of 

them implementing Denavit-Hartenberg parameters. However, not all of them used analytical methods to solve the 

kinematics. Furthermore, the modeling of the spatial manipulators under study was illustrated in a few papers, but only one 

of them had the ability to move within its own work area. The motion of spatial manipulators could directly display most 

details and results from every perspective. 

As for the obtained kinematic results, half of the papers demonstrated only numeric and tabular values, which could not 

be visually observed for any gained solutions. For this reason, this paper focuses on developing algorithms and programs to 

create spatial motion 3D models as well as solving the forward positional kinematics of such 3D models of manipulators 

within the same program environment. Kinematics are determined by implementing Denavit-Hartenberg, Newton-Euler, and 

analytical methods. The 3D motion model of the manipulator is generated in the Maple math environment. The highlights of 

this paper are that the algorithms and programs created provide the ability to build different 3D models of manipulators that 

can be moved and controlled by generalized coordinates. Furthermore, the analytical method provides the most accurate 

outcomes compared to other methods and offers an opportunity to receive generalized characteristics during the design 

process. The contributions of this research to the engineering and manufacturing fields are significant, particularly in 

enhancing the design, analysis, and optimization of robotic systems. By integrating the development of algorithms and 

software that generate 3D spatial motion models of manipulators, the research provides a much-needed visual and interactive 

approach to solving complex kinematic problems. This allows engineers and manufacturers to better understand the behavior 

and motion of robotic arms within real-world environments. The ability to accurately simulate and control manipulators in 

3D with generalized coordinates greatly improves the efficiency of the design process, reduces the need for costly physical 

prototypes, and enhances precision in tasks such as assembly, automation, and material handling. Moreover, the research 

offers a method for obtaining more accurate analytical outcomes, providing valuable insights into manipulator performance 

and enabling more informed decisions during the development of robotic systems for industrial applications [17]. 

Building a 3D model of manipulator movement and solving kinematics in a single Maple programming environment is 

a more convenient, affordable, and productive way to conduct research, and the results are presented in the form of 3D graphs. 

Such graphs allow for visual observation of how the modules and directions of the given manipulator parameters change in 

the graph, depending on the manipulator's position in space. 

 

2. Computer 3D Modeling of Spatial Manipulators 

Modeling and assembling of links and connections for manipulators were performed using operators in the Maple 

software environment. Maple has many possibilities for creating a moving 3D model and demonstrating the movement of 

each link from all sides of the manipulators in space, as well as conducting kinematic and dynamic analysis in the same 

program to show changes and results. 

In this section, an example of this research was taken by an RRRRT manipulator with five DoF, four rotational, and one 

translational, which can be implemented in almost all spheres of manufacturing, engineering, and so on.  

Because the axes of kinematic links are mutually perpendicular and parallel, it is possible to use the method of 

constructing a coordinate system proposed by J. Denavit and R. Hartenberg in the formation of coordinate manipulator link 

systems. To create a fully functional, visualized moving manipulator model with the given laws of generalized coordinates 

of a manipulator, it is necessary to combine all parts of the manipulator into one system by using programs in the Maple 

environment while also specifying the main connections between them. 

For kinematic analysis and building a model of spatial mechanisms, it is necessary first to form the coordinate systems 

of the manipulator links. The formed coordinate systems of the RRRRT manipulator's links are shown in Figure 1. Secondly, 

it is necessary to construct the parameters of the kinematic pairs of the manipulator under study. These parameters for the 

RRRRT manipulator are represented in Table 1. 

 
Table 1.  

Parameters of kinematic pairs for the RRRRT manipulator. 

 

 

 

 

 

Kinematic 

pairs 

Links forming 

kinematic pairs 

Types of Kinematic Pairs The value of the parameters 

𝜽𝒊 𝒅𝒊 𝒂𝒊 𝜶𝒊 
1 0,1 Rotational 𝜃1 0.85 0 𝜋

2
 

2 1,2 Rotational 𝜃2 −0.09 0.85 0 

3 2,3 Rotational 𝜃3 −0.09 0 −
𝜋

2
 

4 3,4 Rotational 𝜃4 0.85 0 0 

5 4,5 Translational 0 𝑑5 0 0 
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According to Table 1, we can observe that the generalized coordinates of the RRRRT manipulator are the following 

parameters: 𝜃1, 𝜃2, 𝜃3, 𝜃4, 𝑑5. 

 

 
Figure 1. 

3D motion model of the RRRRT manipulator in several positions. 

 

3. A Forward Positional Kinematics Solution of Spatial Manipulators 
In this section, the forward positional kinematics problem of this spatial manipulator is studied in detail. To find the 

kinematic characteristics of the manipulator, the Denavit-Hartenberg and Newton-Euler methods were rationally 

implemented. The received matrix, equations of linear and angular velocity, and acceleration were solved by the analytical 

method using the Maple environment. 

A special choice of coordinate systems for the manipulator links allows using only four parameters (not six, as in the 

general case) to describe the transition from one system to another. The system 𝑂𝑖−1𝑋𝑖−1𝑌𝑖−1𝑍𝑖−1 can be transformed into 

the system 𝑂𝑖𝑋𝑖𝑌𝑖𝑍𝑖 by means of rotation, two transfers, and one more rotation performed in the following order: 

1) 𝑅(𝑍𝑖−1, 𝜃𝑖) is a rotation of the system 𝑂𝑖−1𝑋𝑖−1𝑌𝑖−1𝑍𝑖−1 around the axis 1−iZ  by an angle 𝜃𝑖 until the axis 

𝑋𝑖−1 becomes parallel to the axis 𝑋𝑖. This motion can be described by a homogeneous matrix elementary rotation: 
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𝑅(𝑍𝑖−1, 𝜃𝑖) = [

cos⁡(𝜃𝑖) −sin⁡(𝜃𝑖) 0 0
sin⁡(𝜃𝑖) cos⁡(𝜃𝑖) 0 0
0
0

0
0

1 0
0 1

]                                     (1) 

 

2) 𝑇Z𝑖−1,𝑑𝑖 is the transfer of the rotated system along the 𝑍𝑖−1 axis by the value 𝑠𝑖 until the 𝑋𝑖−1 and 𝑋𝑖 axes are 

on the same straight. Then the homogeneous matrix of the elementary shift has the form 

 

𝑇(𝑍𝑖−1, 𝑑𝑖) = [

1 0 0 0
0 1 0 0
0
0

0
0

1 𝑑𝑖
0 1

].                                                          (2) 

 

3) 𝑇X𝑖−1,𝑎𝑖 is the transfer along the 𝑋𝑖 axis by the value 𝑎𝑖 until the origin of coordinates coincide. The 

homogeneous matrix of the elementary shift in this case is equal to: 

 

𝑇(𝑋𝑖−1, 𝑎𝑖) = [

1 0 0 𝑎𝑖
0 1 0 0
0
0

0
0

1 0
0 1

]                                                     (3) 

 

4) 𝑅(𝑋𝑖,𝛼𝑖) is rotation around the 𝑋𝑖 axis by an angle 𝛼𝑖 until the 𝑍𝑖−1 axis is aligned with the 𝑍𝑖  axis. This action 

is described by a homogeneous rotation matrix: 

 

𝑅(𝑋𝑖 , 𝛼𝑖) = [

1 0 ⁡⁡⁡⁡0 ⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡0
0 cos⁡(𝛼𝑖) −sin⁡(𝛼𝑖) 0

0
0

sin⁡(𝛼𝑖)
0

⁡cos⁡(𝛼𝑖) ⁡⁡0

⁡⁡⁡⁡⁡0 ⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡1

]                                           (4) 

                                               

The parameter 𝑑𝑖 is the distance from the beginning of the 𝑂𝑖−1𝑋𝑖−1𝑌𝑖−1𝑍𝑖−1 coordinate system to the intersection of the 

𝑍𝑖−1 axis with the 𝑋𝑖 axis, counted along the 𝑍𝑖−1 axis; if the kinematic pair (𝑖 − 1, 𝑖)  is translational, then 𝑑𝑖 is a generalized 

coordinate; 𝑎𝑖 is the distance between the intersection of the 𝑍𝑖−1 axis with the 𝑋𝑖 axis and the beginning of the 𝑂𝑖𝑋𝑖𝑌𝑖𝑍𝑖 
coordinate system, measured along the 𝑋𝑖 axis; 𝜃𝑖 is the angle by which the 𝑋𝑖−1 axis must be rotated around the 𝑍𝑖−1 axis 

so that it becomes co-directed with the 𝑋𝑖 axis. If the kinematic pair (𝑖 − 1, 𝑖) is rotational, then 𝜃𝑖 is a generalized coordinate; 

𝛼𝑖 is equal to the angle of rotation of the 𝑍𝑖−1 axis around the 𝑋𝑖 axis until it coincides with the 𝑍𝑖 axis. 

The resulting transition matrix connecting the systems 𝑂𝑖−1𝑋𝑖−1𝑌𝑖−1𝑍𝑖−1 and 𝑂𝑖𝑋𝑖𝑌𝑖𝑍𝑖 is the product of the above 

matrices: 

 

𝐴𝑖
𝑖−1 = 𝑅(𝑍𝑖−1, 𝜃𝑖)𝑇(𝑍𝑖−1, 𝑠𝑖)𝑇(𝑋𝑖−1, 𝑎𝑖)𝑅(𝑋𝑖 , 𝛼𝑖) or 

 

 𝐴𝑖
𝑖−1 = [

cos⁡(𝜃𝑖) −sin⁡(𝜃𝑖)cos⁡(𝛼𝑖) sin⁡(𝜃𝑖)sin⁡(𝛼𝑖) 𝑎𝑖cos⁡(𝜃𝑖)

sin⁡(𝜃𝑖) cos⁡(𝜃𝑖)cos⁡(𝛼𝑖) −cos⁡(𝜃𝑖)sin⁡(𝛼𝑖) 𝑎𝑖sin⁡(𝜃𝑖)

0
0

sin⁡(𝛼𝑖)
0

cos(𝛼𝑖)⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡ ⁡⁡⁡⁡⁡⁡⁡𝑠𝑖
0⁡⁡⁡⁡⁡⁡⁡⁡ ⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡1

].                   (5) 

 

The matrix 𝐴𝑖
𝑖−1 is written in the following form. 

 

𝐴𝑖
𝑖−1 = [𝑅𝑖

𝑖−1 �⃗� 𝑖
𝑖−1

0 1
],                                                             (6) 

 

where 

 

𝑅𝑖
𝑖−1 = [

cos⁡(𝜃𝑖) −sin⁡(𝜃𝑖)cos⁡(𝛼𝑖) sin⁡(𝜃𝑖)sin⁡(𝛼𝑖)

sin⁡(𝜃𝑖) cos⁡(𝜃𝑖)cos⁡(𝛼𝑖) −cos⁡(𝜃𝑖)sin⁡(𝛼𝑖)

0 sin⁡(𝛼𝑖) ⁡⁡⁡⁡⁡cos(𝛼𝑖)⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡

].⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡                (7) 

 

𝑅𝑖
𝑖−1 matrix determines the orientation of the axes of the 𝑂𝑖𝑋𝑖𝑌𝑖𝑍𝑖 coordinate system relative to the 𝑂𝑖−1𝑋𝑖−1𝑌𝑖−1𝑍𝑖−1 

coordinate system 

 

�⃗� 𝑖
𝑖−1 = [

𝑎𝑖cos⁡(𝜃𝑖)

−𝑎𝑖sin⁡(𝜃𝑖)
𝑠𝑖

],⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡             (8) 
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�⃗� 𝑖
𝑖−1 vector characterizes the position of the origin point of the 𝑂𝑖𝑋𝑖𝑌𝑖𝑍𝑖 coordinate system in the reference frame 

𝑂𝑖−1𝑋𝑖−1𝑌𝑖−1𝑍𝑖−1. 

Using the matrix 𝐴𝑖
𝑖−1, it is possible to link the radius vectors of the same point in the 𝑂𝑖−1𝑋𝑖−1𝑌𝑖−1𝑍𝑖−1and 𝑂𝑖𝑋𝑖𝑌𝑖𝑍𝑖 

systems: 

 

𝑟 𝑖
𝑖−1 = 𝐴𝑖

𝑖−1𝑟 𝑖
𝑖 ,                                                            (9) 

 

where 𝑟 𝑖
𝑖 = [𝑥𝑖 𝑦𝑖 𝑧𝑖 1]𝑇 is a column matrix defining the position of an arbitrary point of a i  link in the reference 

frame 𝑂𝑖𝑋𝑖𝑌𝑖𝑍𝑖, rigidly connected to this link;  𝑟 𝑖
𝑖−1 = [𝑥𝑖−1 𝑦𝑖−1 𝑧𝑖−1 1]𝑇 is a column matrix defining the position of 

the same point in the system 𝑂𝑖−1𝑋𝑖−1𝑌𝑖−1𝑍𝑖−1, rigidly connected to the 𝑖 − 1 link. 

The position and orientation of the 𝑖-th link of the manipulator in the reference frame 𝑂0𝑋0𝑌0𝑍0 associated with the rack 

is determined as follows [18]: 

 

𝐴𝑖
0 = 𝐴1

0𝐴2
1𝐴3

2…𝐴𝑖
𝑖−1 = [𝑅𝑖

0 �⃗� 𝑖
0

0 1
].⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡                          (10) 

where 

 

𝑅𝑖
0 = [

𝐴𝑖
0(1,1) 𝐴𝑖

0(1,2) 𝐴𝑖
0(1,3)

𝐴𝑖
0(2,1) 𝐴𝑖

0(2,2) 𝐴𝑖
0(2,3)

𝐴𝑖
0(3,1) 𝐴𝑖

0(3,2) 𝐴𝑖
0(3,3)

],⁡                                         (11) 

 

�⃗� 𝑖
0 = [

𝐴𝑖
0(1,4)

𝐴𝑖
0(2,4)

𝐴𝑖
0(3,4)

].⁡                                                           (12) 

 

The left sub-matrix 𝑅𝑖
0 of the matrix 𝐴𝑖

0 represents the direction cosine, respectively, of the axes 𝑋𝑖𝑌𝑖𝑍𝑖  in the reference 

frame 𝑂0𝑋0𝑌0𝑍0. The vector �⃗� 𝑖
0  defines the position of the origin point of the coordinate system 𝑂𝑖𝑋𝑖𝑌𝑖𝑍𝑖  in the reference 

frame 𝑂0𝑋0𝑌0𝑍0. 

Thus, the solution to determining the position of the manipulator links boils down to the fact that the given values of 

generalized coordinates, the values of the elements of the matrix 𝐴𝑖
0 are calculated using (1) and therefore, according to (5), 

the position and orientation of the i-th link in the coordinate system 𝑂0𝑋0𝑌0𝑍0, rigidly connected to the manipulator rack are 

determined. 

Denote by 𝑟 𝑖
𝑖 = [𝑥𝑖

𝑖 𝑦𝑖
𝑖 𝑧𝑖

𝑖 1]𝑇 vector of homogeneous coordinates of a point of a solid body in the associated 

𝑂𝑖𝑋𝑖𝑌𝑖𝑍𝑖 coordinate system and the transition matrix 𝐴𝑖
0 to the stationary system 𝑂0𝑋0𝑌0𝑍0. Then the following relation takes 

place: 

 

𝑟 𝑖
0 = 𝐴𝑖

0𝑟 𝑖
𝑖 ,                                                               (13) 

where 

𝑟 𝑖
0 = [𝑥𝑖

0 𝑦𝑖
0 𝑧𝑖

0 1]𝑇 is a homogeneous position vector, points 𝑟 𝑖
𝑖 = [𝑥𝑖

𝑖 𝑦𝑖
𝑖 𝑧𝑖

𝑖 1]𝑇 of a solid body in a 

bound 𝑂𝑖𝑋𝑖𝑌𝑖𝑍𝑖 coordinate system, in a fixed 𝑂0𝑋0𝑌0𝑍0 coordinate system. 

The angular velocity �⃗⃗� 𝑖 of the 𝑖-th link relative to the base coordinate system is represented as follows [18]: 

 

�⃗⃗� 𝑖 = {
�⃗⃗� 𝑖−1 + 𝑅𝑖−1

0 𝑧 0�̇�𝑖 , if⁡the⁡𝑖 − th⁡kinematic⁡pair⁡is⁡rotational,

�⃗⃗� 𝑖−1, if⁡the⁡𝑖 − th⁡kinematic⁡pair⁡is⁡translational,⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡
                        (14) 

 

where 𝑖=1,2,…,𝑛, 𝑧 0 = (0,0,1)
𝑇 . 

 

Then the angular acceleration 𝜀 𝑖 of the 𝑖-th link relative to the base coordinate system is determined by the expression: 

 

𝜀 𝑖 = {

𝜀 𝑖 = 𝜀 𝑖−1 + 𝑅𝑖−1
0 𝑧 0�̈�𝑖 + �⃗⃗� 𝑖−1 × (𝑅𝑖−1

0 𝑧 0�̇�𝑖),⁡⁡⁡⁡⁡⁡⁡⁡

if⁡the⁡𝑖 − th⁡kinematic⁡pair⁡is⁡rotational,⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡
⁡

𝜀 𝑖−1, if⁡the⁡𝑖 − th⁡kinematic⁡pair⁡is⁡translational.

                                        (15) 

       

For linear velocities and accelerations of the i-th link of the manipulator relative to the base coordinate system we have 

the following relations: 
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  𝑣 𝑖 = {

𝑣 𝑖−1 + �⃗⃗� 𝑖 × 𝑝 𝑖
𝑖−1, if⁡the⁡𝑖 − th⁡kinematic⁡pair⁡is⁡rotational,

⁡
𝑣 𝑖−1 + �⃗⃗� 𝑖 × 𝑝 𝑖

𝑖−1 + 𝑅𝑖−1
0 𝑧 0�̇�𝑖 ,⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡

if⁡the⁡i − th⁡kinematic⁡pair⁡is⁡translational.⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡

                       (16) 

       

𝑎 𝑖 =

{
 
 

 
 𝑎 𝑖−1 + �⃗⃗� 𝑖 × (�⃗⃗� 𝑖 × 𝑝 𝑖

𝑖−1) + 𝜀 𝑖 × 𝑝 𝑖
𝑖−1,⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡

if⁡the⁡𝑖 − th⁡kinematic⁡pair⁡is⁡rotational,⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡

𝑎 𝑖−1 + �⃗⃗� 𝑖 × (�⃗⃗� 𝑖 × 𝑝 𝑖
𝑖−1) + 2�⃗⃗� 𝑖 × (𝑅𝑖−1

0 𝑧 0�̇�𝑖) + 𝜀 𝑖 × 𝑝 𝑖
𝑖−1 + 𝑅𝑖−1

0 𝑧 0�̈�𝑖 ,

if⁡the⁡i − th⁡kinematic⁡pair⁡is⁡translational.⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡

⁡      (17) 

 

𝑝 𝑖
𝑖−1 - the position of the beginning of the i-th coordinate system relative to the beginning of the 𝑖 − 1 coordinate system is 

determined by the following expression: 

 

𝑝 𝑖
𝑖−1 = 𝑝 𝑖

0 − 𝑝 𝑖−1
0 ,                                                       (18) 

 

where 

𝑝 𝑖
0 = [

𝐴𝑖
0(1,4)

𝐴𝑖
0(2,4)

𝐴𝑖
0(3,4)

], 𝑝 𝑖−1
0 = [

𝐴𝑖−1
0 (1,4)

𝐴𝑖−1
0 (2,4)

𝐴𝑖−1
0 (3,4)

]. 

 

Linear velocities and acceleration of the point �⃗� 𝑖
𝑖 = [𝑥𝑖 𝑦𝑖 𝑧𝑖]𝑇 of the i-th link, respectively, relative to the base 

coordinate system are determined by the expressions: 

 

𝑣 𝑖𝑃 = �⃗⃗� 𝑖 × �⃗� 𝑖 + 𝑣 𝑖,                                                    (19) 

 

𝑎 𝑖𝑃 = 𝑎 𝑖 + �⃗⃗� 𝑖 × (�⃗⃗� 𝑖 × �⃗� 𝑖) + 𝜀 𝑖 × �⃗� 𝑖 .                                   (20) 

 

Analytical methods of solving the kinematics of manipulators are different from other mostly implemented methods in 

that they supply exact outcomes and clearly demonstrate mathematical models of the phenomenon. As for using the Maple 

math environment for 3D modeling, solving forward kinematic problems of manipulators and illustrating the obtained results 

in the form of 3D graphs could be a convenient way to do so, since almost all of the mentioned actions are performed in the 

same program. 

 

4. Results and Discussion 
Figures 2-8 demonstrate the results received in Maple 2023 of kinematic analysis in the form of 3D graphs of the RRRRT 

manipulator with kinematic characteristics for 36 positions relative to a fixed coordinate system 𝑂0𝑋0𝑌0𝑍0, with the following 

specified values of generalized coordinates: 𝜃1 = 2𝜋sin⁡(
𝜋

2𝑘
∗ 𝑖), 𝜃2 = −

𝜋

6
+

2𝜋

3
sin⁡(

𝜋

2𝑘
∗ 𝑖), 𝜃3 = −

𝜋

2
+

2𝜋

3
sin⁡(

𝜋

2𝑘
∗ 𝑖) , 𝜃4 =

2𝜋

𝑘
∗ 𝑖, 𝑑5 = 0.35 ∗ sin⁡(

𝜋

2𝑘
∗ 𝑖), where k=36, i=0..36.  

The point P of the RRRRT manipulator is connected to the coordinate system 𝑂5𝑋5𝑌5𝑍5 and relatively in this system 

has coordinates 𝑃5 = [0⁡0⁡0.35]
𝑇. The red line in the figures is the trajectory of a point or the hodographs of angular and 

linear accelerations relative to the base coordinate system 𝑂0𝑋0𝑌0𝑍0. Yellow and green straight lines with an arrow are 

vectors connecting the points of the trajectory or hodograph with the beginning of the base coordinate system. 
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Figure 2. 

Trajectory of point P for 36 positions of the manipulator RRRRT relative to the 

base coordinate system 𝑂0𝑋0𝑌0𝑍0. 
 

 
Figure 3. 

Angular acceleration 𝜀2 of link 2 for 36 positions of the manipulator RRRRT. 
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Figure 4. 

Angular acceleration 𝜀3 of link 3 for 36 positions of the 

manipulator RRRRT. 
 

           

 

 

 
Figure 5. 

Linear acceleration 𝑎𝑂2 of the origin 𝑂2 of the moving 

coordinate system 𝑂2𝑋2𝑌2𝑍2 for 36 positions of the RRRRT 

manipulator. 

 

 

 
Figure 6. 

Linear acceleration 𝑎𝑂3 of the origin 𝑂3 of the moving coordinate 

system 𝑂3𝑋3𝑌3𝑍3 for 36 positions of the RRT manipulator. 
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Figure 7. 

Linear acceleration 𝑎𝑂4 of the origin 𝑂4 of the moving coordinate 

system 𝑂4𝑋4𝑌4𝑍4  for 36 positions of the RRT manipulator. 

 

 
Figure 8. 

Linear acceleration 𝑎𝑂5 of the origin 𝑂5 of the moving coordinate system 

𝑂5𝑋5𝑌5𝑍5 for 36 positions of the RRRRT manipulator. 

          

Figure 2 illustrates the spatial trajectory of point P, fixed in the end-effector of the RRRRT manipulator, as it moves 

through 36 different positions with respect to the base coordinate system. The red line represents the path traced by point P, 

showcasing the manipulator's ability to follow a complex 3D motion. This visualization is crucial for understanding the 

overall movement capabilities of the manipulator, verifying the accuracy of the developed kinematic model, and optimizing 

its path planning. 

Figure 3 - Figure 4 present the angular acceleration of link 2 and link 3 over 36 positions. The graphical representation 

highlights how the rotational dynamics of this link change throughout the manipulator’s motion. This data is vital for 

analyzing the dynamic behavior of the manipulator, ensuring smooth and controlled rotational movements, and reducing 

potential wear on the joints due to abrupt accelerations. It also assists in refining the design to handle varying dynamic loads 

effectively. 

Figures 5 – 7 display the linear acceleration of the origin of the moving coordinate system for all 36 positions. By 

showing the changes in linear acceleration, the figure helps assess the impact of different manipulator configurations on 

translational movements, which is essential for applications requiring precise positioning and smooth operation. 

Finally, Fig. 8 shows the linear acceleration at the origin of the coordinate system X5Y5Z5, attached to the end effector. 

The data provides critical insights into the end effector’s behavior under different operational scenarios, aiding in the fine-

tuning of control parameters to achieve high precision in industrial applications such as assembly and material handling. 

These figures collectively demonstrate the effectiveness of the developed algorithms and software in accurately modeling 

and analyzing the motion of the RRRRT manipulator. By providing a comprehensive visualization of both angular and linear 

accelerations, the study contributes valuable insights into optimizing manipulator design and control, which are crucial for 

enhancing the efficiency and reliability of robotic systems in various industrial applications. 
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To verify our developed algorithms and programs, we applied them to solving problems, using the created 3D moving 

model of the RRRRT manipulator as an example. The forward positional kinematics problem was solved, and diagrams of 

changes in angular and linear accelerations were constructed. Thus, we wanted to show that the algorithms and programs we 

developed work and to determine that angular and linear accelerations do not depend on the positional changes of 

mechanisms. 

In this study, the vectors of linear accelerations of points and the vectors of angular accelerations of the links of this 

spatial manipulator were determined relative to the base and associated Denavit-Hartenberg coordinate systems using the 

Newton-Euler recurrent equations. The components of these vectors were ascertained for subsequent investigations. This step 

is crucial, as it forms the basis for comprehending various dynamic loads and discerning the underlying distribution patterns. 

 

5. Conclusion 
In many instances, as pointed out above, the 3D modeling of spatial manipulator motion and direct kinematics is 

conducted across different software platforms, a process that is often less efficient and more time-intensive. Commonly, non-

moving 3D models of mechanisms are first developed in CAD (Computer-Aided Design) software, then imported into 

mathematical environments for subsequent kinematic or dynamic analysis, where the results are typically presented as two-

dimensional graphs. For this reason, this study introduced novel algorithms and programs designed to construct motional 3D 

models of spatial manipulators. The developed system was effectively applied to models and addressed the forward 

kinematics of a five-DoF manipulator, showcasing the results through intricate 3D graphs. These visualizations provided 

clear insights into the trajectory, velocities, and accelerations of each manipulator link. The kinematics calculations were 

comprehensively executed employing the analytical method, Denavit-Hartenberg parameters, and Newton-Euler methods. 

While the presented work emphasizes an innovative approach to generating 3D models of spatial manipulators governed 

by generalized coordinates, it also delineates potential directions for subsequent research. Notably, it paves the way for 

examining the dynamic loads, rigidity, and strength of these spatial manipulators. It is planned to continue researching the 

dynamic loads of this robot manipulator and implement the obtained findings. 

Furthermore, the significance of the research is accentuated by the implementation of these algorithms and programs 

within only the Maple environment. Here, a comprehensive study encompassing kinematics, dynamics, and force analysis 

can be undertaken, with the resulting insights directly visualized on the manipulators. It is anticipated that this work will 

serve as a catalyst for further investigations and adaptations of the presented algorithms and programs to a broader range of 

analytical domains. 
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