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Abstract

This study compares four predictive models in the context of a response variable characterized by a right-skewed, non-
symmetric distribution, specifically health cost insurance data. The modeling approaches employed include copula-based
models (copula regression with logarithmic transformation and standard copula regression) and ensemble learning methods
(Random Forest/RF and Extreme Gradient Boosting/XGBoost). The health cost data was partitioned into 80% for training
and 20% for testing. Model fitting was conducted using the training data, while model evaluation was performed using the
testing data. The performance of each model was assessed based on several evaluation metrics: Mean Squared Error (MSE),
Mean Absolute Percentage Error (MAPE), Mean Absolute Error (MAE), and Median Absolute Deviation (MAD).
Additionally, this study includes an analysis of outlier prediction, where the constructed models were utilized to predict
outliers within the health cost data. The results of the study indicate that the copula regression model with logarithmic
transformation is more suitable for response variables exhibiting non-symmetric, right-skewed distributions, such as health
expenditure data. This is evidenced by the low values of the MAD and MAPE metrics. Another key finding is that the copula
regression and XGBoost models demonstrate superior performance in predicting outliers compared to the other two models
evaluated in this study.
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1. Introduction

The statistical issue addressed in this study is the violation of the normality assumption in linear regression analysis.
Violating the normality assumption in regression analysis affects the validity of statistical inference. The assumption of
normality in the error terms allows the use of statistical tests such as the F-test and t-test for hypothesis testing on model
parameters. If the error terms do not follow a normal distribution, the results of these statistical tests become invalid.
Furthermore, violating the normality assumption can lead to inaccurate confidence interval estimates, meaning that the
intervals may not accurately reflect the actual uncertainty.

Although the assumption of normality is crucial, real-world data often deviates from a normal distribution [1]. Examples
of such data include income, expenditures, waiting times, number of visits, number of traffic accidents, length of hospital
stays, product sales over a given period, number of likes and comments on social media, and many other datasets that tend
to be skewed rather than normally distributed. A common approach to handling non-normally distributed data is the use of
transformation methods, such as logarithmic, square root, inverse, and other transformations. The purpose of these
transformations is to adjust non-normal data so that it approximates a normal distribution [2, 3].

In addition to transformation methods, statistical modeling approaches that do not require the normality assumption can
also be employed. These models include copula regression, random forests, and XGBoost, among others. Copula regression
is a statistical method that incorporates the concept of copulas to model dependencies between variables [4]. This method
has been developed by several researchers in the fields of statistics and mathematics. One of the pioneers of copula theory is
Roger B. Nelsen, who authored the book An Introduction to Copulas [5], a fundamental reference in the field. Additionally,
Genest has contributed extensively to research on copulas and their applications in statistics, including copula regression [6-
9].

On the other hand, machine learning techniques offer alternative approaches to regression modelling that can address
violations of the normality assumption and account for nonlinear relationships between variables. Several machine learning
methods have been developed specifically for regression analysis. The first published regression tree algorithm was
Automatic Interaction Detection (AID), which applies a recursive data partitioning method to create a piecewise-constant
model [10]. AID later evolved into THAID; the first classification tree algorithm designed to maximize the number of cases
in the dominant category [11]. Subsequently, Chi-squared Automatic Interaction Detection (CHAID) was introduced,
utilizing the Chi-squared test to determine the most significant splits, Kass [12]. Breiman [13] introduced the Classification
and Regression Trees (CART) algorithm, which became the foundation of many modern decision tree methods [13]. CART
employs a greedy search and cross-validation to determine the optimal splits and prune the tree. Ross Quinlan later developed
the ID3 [14] and C4.5 [15] algorithms, which use entropy-based criteria to select the best splits and have served as the basis
for numerous modern decision tree algorithms.

Breiman further developed Random Forest, an ensemble learning method that aggregates multiple decision trees to
improve predictive accuracy and mitigate overfitting Breiman et al. [16]. Loh [17] introduced GUIDE (Generalized,
Unbiased, Interaction Detection and Estimation), which addresses some limitations of earlier algorithms and allows for linear
separation within subsets of variables [17]. More recently, XGBoost (Extreme Gradient Boosting) has emerged as a highly
efficient and fast boosting algorithm. XGBoost utilizes optimized gradient boosting techniques designed for high
performance and scalability while supporting parallel and distributed computing [18].

Given the rapid advancements in regression-based machine learning methods, it is of particular interest to assess their
performance in predicting outcomes for skewed distributions. This study aims to model individual health costs covered by
health insurance, which are response-distributed, asymmetric, and skewed to the right. Additionally, it compares models-
based regression such as copula regression, random forests, and extreme gradient boosting (XGBoost). By evaluating these
models, this study seeks to identify their respective advantages and limitations and determine which method provides the
most accurate predictions for right-skewed data distributions.

2. Methodology
2.1. Classical Regression

Classical Regression referred to in this study is linear regression, either simple or multiple. Linear regression is a
statistical method used to model the relationship between one response variable (Y) and one or more independent variables
(X1, X5, ..., X,,). The main purpose of linear regression is to understand how independent variables affect the response variable
or to predict the response variable from known independent variables.

Y = Bo+ Xy + BoXo + -+ BpXn t € 1)

Where, Y is the response variable to be predicted, X;, X,, ..., X,, are independent variables/predictors, By, B1, Bz, ---» Bn
are parameters or coefficients of regression, and ¢ is an error model.

The estimation of regression parameters, f, uses the Ordinary Least Squares (OLS) method. It should be noted that the
response variables used are skewed to the right, so modelling with classical regression in this study cannot be done due to a
violation of the normality assumption of errors.

2.2. Copula Regression

Copula regression is a statistical modeling technique designed to handle complex dependencies between variables,
particularly when the data exhibits non-normal, skewed, or heavy-tailed distributions. Unlike traditional regression methods
that assume a specific joint distribution (often normal), copula regression separates the modeling of marginal distributions

1014



International Journal of Innovative Research and Scientific Studies, 8(4) 2025, pages: 1013-1021

from the dependence structure among variables. This is achieved using a copula function, which links the marginal
distributions into a joint distribution, allowing for greater flexibility in capturing nonlinear and asymmetric relationships.
The primary utility of copula regression lies in its ability to model data that violate the assumptions of classical linear
regression, such as right-skewed health insurance costs or financial losses. It is especially useful in fields like finance,
insurance, and health economics, where extreme values and tail dependencies are common. By accurately capturing the
dependence structure and allowing for different types of marginal distributions, copula regression provides more reliable and
interpretable predictions in complex real-world scenarios.
Copula regression uses Sklar's theorem to see the relationship between the independent variables and the response
variables. The relationship between the distribution function and the copula function is explained by Sklar [19] as follows.
Fyx(y,x) = C(FY(Y): FX(X)) 2
where Y and X are random variables and C(.) Itisa copula function. Prediction value can be obtained by applying the concept
of the expected value of Y given X. The marginal function of the response variables Y and X is a non-decreasing function.
The copula regression model can be written with the following equation.
Y = E[Y|X]+ (Y — E[Y|XD @)
Y=E[Y|X]+¢ 4)
where Y is response variables, X is covariate or independent variables, and € is error terms.

2.3. Random Forest (RF) Regression

The random forest algorithm is a method that uses several learning algorithms simultaneously and then combines them
to obtain more accurate modeling results. This method is an extension of the regression tree method by applying the bootstrap
aggregating method and random feature selection. The random forest algorithm can be used for classification and regression
problems. If the desired output is a discrete data type, the classification method is used, but if the output is continuous data,
the regression method, also known as random forest regression, is used [16]. Random forest makes predictions by combining
the results of each regression tree by taking the average value for random forest regression [20].

Random forest begins with many bootstrap samples taken randomly with replacement from the original training data. A
regression tree is fitted to each bootstrap sample. Bootstrapping is the process of randomly sampling a subset of the dataset
for a certain number of iterations and a certain number of variables. Then, the sample is returned to the dataset so that it can
be re-selected in further analysis. A set of input variables is selected from the total set considered randomly as a binary
partition for each node in each tree. The predicted value of the observation results is the average value of all trees, which is
called aggregation.

The hyperparameters that must be optimized in the random forest method are the number of regression trees and the
number of input variables at each node [21]. The following are the stages of the random forest regression algorithm.

e Bootstrapping

o Random data samples are selected as many as k from the original data set with replacement. The purpose of replacement
is so that the sample can be reselected in the next iteration.
Random feature selection
The regression tree is built until it reaches the maximum size. The stages of creating a regression tree are as follows:
first, the data for each variable X is partitioned into two parts. The first partition contains the values of variable X that
are less than the average, and the remaining values form the second partition. The value of variable Y is modeled using
X in both partitions. This modeling produces the predicted results for each partition. The error for both is calculated
using the criterion function, comparing the predicted value with the original Y. This process is repeated with other
variables X. Then, from all the variables, the one that produces the smallest error measurement is selected.

e Steps (1) and (2) above are repeated k times to obtain k regression trees.

e The joint estimation of k regression trees is done by using the average value of each output in each regression tree [22].

The criterion function is used to measure the quality of separation on an attribute. Here are some criterion functions for
continuous response variables: squared error loss, absolute loss, Friedman mean square error, Poisson.

2.4. Extreme Gradient Boosting (XGBoost)

Extreme Gradient Boosting (XGBoost) is a machine learning algorithm based on ensemble learning that employs the
boosting technique to enhance predictive accuracy. It is an advanced implementation of traditional gradient boosting,
incorporating various optimizations that make it faster, more efficient, and more accurate. XGBoost builds models
sequentially, where each new model aims to correct the errors made by its predecessors. This algorithm is particularly useful
for both classification and regression tasks involving complex, high-dimensional, and large-scale datasets. Its ability to handle
imbalanced data, capture nonlinear feature interactions, and support regularization makes it a powerful tool in predictive
modeling, especially in applications such as cost prediction, fraud detection, and risk assessment.

Chen mentioned that XGBoost is a well-designed gradient boosting-based decision tree ensemble, only different in the
presence of an extension of the objective function minimizing the loss function with the following formulation [18].
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Ly = Xi=1 L(yi, F(xp)) + X1 Q(hy) (5)
1 2
(hy) = yT; + 52 ]wi| ©)
Lygg is the loss function of XGBoost, Q is the regularization function applied to each jt* regression tree (h;), m is the number
of trees, n is the number of observations. y is an internal node, T; is the number of leaves on the j¢" tree, A adalah nilai learning
rate, and wj is the output score for each leaf in the j*" tree.

2.5. Model Evaluation

Of the three methods, researchers believe that each has its own advantages and disadvantages. Table 1 presents the
strengths and weaknesses of these three methods. The model used in this study will be evaluated through its error distribution.
In addition, the Mean Square Error (MSE), Mean Absolute Percentage Error (MAPE), Mean Absolute Error (MAE), and
Median Absolute Deviation (MAD) values will also be calculated. Smaller MSE, MAPE, MAE, and MAD values will
indicate better model predictions.

Table 1.
Advantages and disadvantages of three methods that regression-based models.
Method Main Advantages Main Disadvantages
Copula Handles nonlinear dependencies & non-normal | Difficult to implement & requires careful
Regression distributions model selection
Random Simple, robust to noise, no assumptions needed Less interpretable & slow prediction
Forest
XGBoost Highly accurate, efficient, suitable for big data Complex and requires extensive parameter
tuning, prone to overfitting

3. Application to Health Insurance Cost Data and Discussion

The insurance data utilized in this study was sourced from Bret Lanz's book, Machine Learning Using R. The response
variable analyzed was the individual medical costs billed by health insurance (in thousand US dollars). The variables used in
the study are presented in Table 2. The dataset comprises 1,338 observations, with six independent variables.

Table 2.
Independent and Response Variables of Insurance Data.
Variables Description Type
Age Age of primary beneficiary numeric
Sex insurance contractor gender (female or male) categoric
BMI Body mass index, providing an understanding of body weights that are relatively high or low | numeric
relative to height, objective index of body weight (kg / m ~ 2) using the ratio of height to
weight, ideally 18.5 to 24.9
Children Number of children covered by health insurance / Number of dependents numeric
Smoker Smoking (yes or no) categoric
Region The beneficiary's residential area in the US (northeast, southeast, southwest, northwest). categoric
Charges Individual medical costs billed by health insurance (as a response variable) numeric

Source: Machine learning using R [23].

The response variable is the individual medical costs billed by health insurance (hereinafter referred to as insurance costs
or charges); this distribution is skewed (Figure 1). Logarithmic transformation successfully changes the distribution to be
quite symmetrical, even though, when tested with the Shapiro-Wilk test statistic, it does not follow a normal distribution (see
Figure 1). The distribution of response variables that are not normal can indicate that the modeling to be carried out has an
error that is not normally distributed as well.

Histogram of individual medical cost (thousand US$) Histogram of log individual medical cost
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Figure 1.

Histogram of Insurance Cost.
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The next analysis wants to see the relationship between variables using the following Pearson correlation as in Table 3
and Figure 2. Since out of the 7 variables, 3 are categorical and the remaining 4 are numerical, the Pearson correlation is
calculated only among the numerical variables, with charges as the response variable, and age, BMI, and number of children
as the covariates.

Table 3.
Correlation Pearson of numeric variables.
Charges Age Bmi Children
Charges 1.00
Age 0.30 1.00
Bmi 0.20 0.11 1.00
Children 0.07 0.04 0.01 1.00
» -
o o
© ) = =)
= o = =
o © 0 (%]
1
0.8
charges
06
- D4
age
- 0.2
0
) --0.2
bmi
--0.4

children

Figure 2.
Heatmap correlation of numeric variables used.

Several regression models will be developed and compared, as outlined in Table 4. For the log-copula regression model

(Model 2), the response variable used is the logarithm of insurance costs. Consequently, the predictions made need to be
back-transformed to the original scale of the variables.
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Table 4.

The modeling was performed using health insurance cost data.
Model Description
Model 1 Copula regression
Model 2 Log-copula regression
Model 3 Random forest
Model 4 XGBoost

First, the data is divided into two subsets: training data and testing data, with proportions of 80% and 20%, respectively.
The training data is used to develop models, while the testing data is used for prediction and model evaluation. Predictions
are made using the testing data, allowing for the calculation of errors by comparing the fitted values (response estimates) to
the actual response variables from the testing data.

Plot Predicted value
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Figure 3.

Fitted value from all models.

In Figure 3, the predicted value of the random forest (RF) model, the green dots appear to be more clustered around the
value of 10-15. While the copula and log-copula models can better predict the original Y value, the violet dots have high
values (greater than 30). The red dots (predicted by the copula model) and gold dots (predicted by the log-copula model)
follow the extreme response values.
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Figure 4.
Residuals Distribution.

Model evaluation can be conducted by examining the error distribution. The errors produced by the four models exhibit
different distributions. Figure 4 illustrates the error distribution of the four models. Almost all error values are concentrated
around zero, indicating that the four models possess good accuracy.

The error boxplots of the four models are presented in Figure 5. The more compressed the error, the better the model is
at predicting the actual data. The Copula, Log-Copula, and XGBoost models exhibit smaller and more compressed errors,
followed by the Random Forest model, which also appears compressed with a mean value close to zero. The next model
evaluation is conducted using the MSE, MAPE, MAE, and MAD values. The smallest values indicate better predictions for
modeling with this insurance data.
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Figure 5.
Boxplot of Residuals.
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Median Absolute Deviation (MAD) Mean Absolute Error (MAE)

copula LogCopula RF XGB copula LogCopula RF XGB

Mean Absolute Percentage Error (MAPE) Mean Square Error (MSE)

120

0 20 40 60 80 100

0 20 40 60 80

copula LogCopula RF XGB copula LogCopula RF XGB

Figure 6.
Model evaluation using MSE, MAPE, MAE, and MAD values.

It can be observed in Figure 6 that, based on the MSE value, the XGBoost method yields the lowest value. When
considering the MAPE and MAD values, the LogCopula method exhibits the lowest values. For the MAE value, both the
LogCopula and XGBoost methods show the lowest values. The smaller the value of these indicators, the more accurate the
predictions made on the testing data.

In this study, it can be concluded that the predictions from the LogCopula and XGBoost methods are superior to those
from other methods examined. The random forest regression method is less suitable for data with many outliers and extreme
values. This is because the predictions made by the random forest method are derived from averaging the predictions of each
leaf on the regression tree and then averaging all regression trees. Consequently, predictions tend to approximate the mean
value.

Boxplot of Residuals from Outlier Data
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|

Figure 7.
Error Boxplot of Outlier Data Prediction.

The models developed will be used to predict response variables categorized as outliers. The predictions are compared
with the actual response variable data to assess the accuracy of the models for outlier data. Figure 7 presents the error boxplot
of the outlier data predictions. It can be observed that the data distribution is predominantly above zero, whereas accurate
predictions would exhibit error values close to zero. Several predictions from the copula regression and extreme gradient
boosting (XGBoost) methods have errors close to zero, indicating that these models are more effective at predicting response
variables in outlier data compared to other models in this study.

4, Conclusion

It can be observed from the error distribution, as well as the MAPE and MAD values, that the copula regression method
with logarithmic transformation is more suitable for response variable data that is right-skewed. Therefore, if the distribution
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of the data under study is right-skewed, the alternative prediction model recommended by the researcher is copula regression
with logarithmic transformation.

For data containing many outliers and extreme values, and where the primary goal is accurate prediction, this study
recommends log-copula, copula regression, and extreme gradient boosting as the models of choice. The predictions from
these three models can more accurately predict outlier data compared to other methods examined in this study. Random
Forest showed the worst performance across all metrics. Therefore, in cases involving right-skewed and asymmetric data,
such as health insurance cost data, the Random Forest model is less suitable for modeling, particularly for prediction purposes.
Future research is planned to develop copula or log-copula regression models that can be applied to clustered data and capture
spatial dependencies for variables exhibiting asymmetric and heavy-tailed characteristics. Such variables are commonly
encountered in real-world contexts, particularly in fields such as economics, insurance, and healthcare.
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